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a b s t r a c t
A second-law analysis of a pressure-driven variable viscosity fluid flow through a channel
with asymmetric convective cooling at the walls is investigated. Flow is assumed to
be steady, laminar and fully-developed. The effect of heat generation due to viscous
dissipation is included. The resulting equations and boundary conditions are solved
numerically, by using an efficient numerical shooting technique with a fourth order
Runge–Kutta algorithm. The effect of variable viscosity parameter, the Brinkman number
and the Biot numbers on the velocity, temperature and entropy generation profiles are
provided and discussed with appropriate physical explanations.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The rapid depletion of energy resources worldwide has prompted almost every country in the world to focus attention
on energy conservation and improving existing energy systems tominimize the energywaste. The scientific community has
responded to the challenge by developing new techniques of analysis and design so that the available work destruction is
either eliminated or minimized. Unlike the old approach which relied solely on the first of thermodynamics, this approach
uses a combination of the first and second laws of thermodynamics. This effort has given birth to the new discipline of
entropy generationminimization [1,2]. Calculations of the efficiency of thermal systems are now routinely performed using
the concept of second law efficiency, defined as the ratio of actual thermal efficiency to reversible thermal efficiency under
the same conditions. The popular approach is to quantify the effect of the irreversible processes occurring in the systems in
terms of the entropy generation rate. Entropy generation analysis has also proved an effective tool in enhancing the second-
law based performance of existing systems. The tool relies on determining the distribution of the entropy generation within
the flow field due to momentum and energy interactions. The study of entropy generation in thermal systems, such as heat
exchangers, nuclear reactors, energy storage devices, and electronic cooling, has grown exponentially during the last three
decades, largely as a result of the pioneering contributions of Bejan [1,2]. The number of papers on the topic runs into the
hundreds, of which Refs. [3–10] are a representative sample of those with immediate relevance to the present work.
Because of its fundamental importance in engineering systems, entropy generation encountered in flows inside a channel
with circular cross-section ormade of two parallel plates has been studied bymany researchers, but most studies have been
confined to constant viscosity fluids. Recently, some steady state solutions for flows of a variable viscosity fluid through
a pipe, a channel and an annulus have been reported [11–14]. However, these solutions are almost always obtained with
thermal boundary conditions of constant temperature or constant heat flux. In practice, channels and ducts often operate
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Fig. 1. Parallel plate channel.
under convective boundary conditions. Only few papers [6,10] have focussed on entropy generation in flows when the
surface of the duct or channel is convectively heated or cooled. The study of flows with convective boundary conditions has
led to the interesting finding that the total entropy generation in flows can be minimized using asymmetric cooling [6,10].
The present study combines the effect of temperature dependent viscosity and asymmetrical convective cooling to
determine the flow and heat transfer characteristics in a parallel plate channel and subsequently use that information to
establish the entropy generation patterns. After an exhaustive literature survey, we found that no prior work has dealt
with the problem considered here. The rest of the paper is organized as follows. In Section 2, we first define the problem
and then present its mathematical formulation. In Section 3, we solve the resulting boundary value problem numerically
to generate the solutions for the velocity and temperature fields. In Section 4, we derive the entropy generation rate and
the Bejan number. In Section 5, results are presented graphically and discussed to highlight the influence of the governing
parameters on the flow and heat transfer characteristics as well as the entropy generation rates. Finally, Section 6 draws
some conclusions.
2. Mathematical model
Consider the flow of a temperature dependent viscosity fluid through a long parallel plate channel of width a, as shown
in Fig. 1. The flow is driven by a constant pressure gradient G. The viscosity of the fluid µ is assumed to vary as an inverse
linear function of temperature. The top and bottom plates are cooled by convection. The coolant temperature Ta is the same
for both plates but the convection heat transfer coefficients h1 and h0 are different, thus providing an asymmetric cooling
effect.
The dimensionless governing equations, together with the corresponding boundary conditions, are given as [11–13]
d
dy

µ
du
dy

= −G (1)
d2θ
dy2
+ µBr

du
dy
2
= 0 (2)
u = 0, dθ
dy
= −Bi1θ, at y = 1, (3)
u = 0, dθ
dy
= Bi0θ, at y = 0, (4)
where the temperature dependent viscosity µ = 1/(1 + αθ),G is the dimensionless axial pressure gradient, α is the
variable viscosity parameter, Br is the Brinkman number, Bi0, Bi1 are the Biot numbers at both the lower and the upper
plates, respectively. It should be noted that for α = 0, the problem reduces to constant viscosity flow; while for α > 0, the
fluid viscosity decreases with an increase in temperature. The dimensionless quantities appearing in Eqs. (1)–(4) are defined
as follows.
θ = T¯ − Ta
Ta
, y = y¯
a
, Br = µ0U
2
kTa
, u = u¯
U
, Bi0 = h0ak ,
G = a
21p
µ0LU
, α = mTa, µ = µ¯
µ0
, Bi1 = h1ak .
(5)
Here u¯ is the axial velocity, T is the absolute temperature, k is the thermal conductivity, a is channel width, L is the
characteristic length,1p is the pressure drop over the length L,U is the flow characteristic velocity, y¯ is the normal distance,
m is a parameter related to fluid viscosity variation and µ0 is the fluid viscosity at coolant temperature.
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3. Solution method
Eqs. (1) and (2) can be easily combined to give
d2θ
dy2
+ Br(A− Gy)2(1+ αθ) = 0, (6)
du
dy
= (A− Gy)(1+ αθ). (7)
Here A is a constant to be determined. Using the computer symbolic algebra package Maple [15], Eqs. (6)–(7) are solved
numerically as initial value problems using a fourth order Runge–Kutta algorithm embedded with a shooting technique. Let
u = x1, θ = x2, θ ′ = x3. Eqs. (6)–(7) are transformed into a system of first order differential equations as follows.
x′1 = (Gy− A)(1+ αx2) (8)
x′2 = x3 (9)
x′3 = −Br(A− Gy)2(1+ αx2). (10)
The boundary conditions (3)–(4) transform into the following initial conditions.
x1(0) = 0, (11)
Bi0x2(0)− x3(0) = 0, (12)
x3(0) = s1. (13)
In the shooting method, the unspecified initial condition s1 is assumed and the system of Eqs. (8)–(10) is then integrated
numerically as an initial value problem to a specified terminal point. The accuracy of the assumed missing initial condition
is then checked by comparing the calculated value of the dependent variable at the terminal point with its specified value
there. If the two values do not match, improved values of the missing initial conditions are used and the process is repeated.
A step size of1y = 0.001 proved satisfactory to meet a convergence criterion of 10−7 in all cases.
4. Entropy generation analysis
The general equation for the entropy generation per unit volume is given by [1,2]
Sm = k
T 20
(∇T )2 + µ
T0
Φ. (14)
The first term in Eq. (14) is the irreversibility due to heat transfer and the second term is the entropy generation due to
viscous dissipation. Using Eq. (5), we express the entropy generation number in dimensionless form as,
Ns = a
2Sm
k
=

dθ
dy
2
+ µBr

du
dy
2
. (15)
The total entropy generated in the channel flow is given as follows.
NT =
∫ 1
0
Nsdy. (16)
In Eq. (15), the first term can be designated as N1 and the second term due to viscous dissipation as N2, i.e.
N1 =

dθ
dy
2
, N2 = µBr

du
dy
2
. (17)
In order to have an idea whether fluid friction irreversibility dominates over heat transfer irreversibility or vice-versa,
Bejan [1,2] defined the irreversibility distribution ratio asΦ = N2/N1. Heat transfer irreversibility dominates for 0 ≤ Φ < 1
and fluid friction irreversibility dominates when Φ > 1. The contribution of heat transfer and fluid friction to entropy
generation are equal whenΦ = 1. In many engineering designs and energy optimisation problems, the contribution of heat
transfer associated entropy N1 to the overall entropy generation rate Ns is needed. As an alternative to the irreversibility
parameterΦ , the Bejan number (Be) is defined as
Be = N1
Ns
= 1
1+ Φ . (18)
Clearly, the Bejan number ranges from 0 to 1. Be = 0 is the limit where the irreversibility is dominated by fluid friction
effects and Be = 1 corresponds to the limit where the irreversibility due to heat transfer dominates. The contribution of
both heat transfer and fluid friction to entropy generation are equal when Be = 1/2.
O.D. Makinde, A. Aziz / Computers and Mathematics with Applications 60 (2010) 3012–3019 3015
0.16
0.14
0.12
0.10
0.08u
0.06
0.04
0.02
0
0 0.2 0.4 0.6
y
0.8 1
Fig. 2. Velocity profiles for G = 1, Br = 1, Bi1 = 1, Bi0 = 1; _____ α = 0, oooooo α = 1,+++++ α = 3, . . . . . . α = 5.
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Fig. 3. Velocity profiles for G = 1, Br = 1, α = 1, Bi0 = 1; _____ Bi1 = 0.1, oooooo Bi1 = 1,+++++ Bi1 = 3, . . . . . . Bi1 = 10.
5. Results and discussion
Velocity and temperature profiles
Fig. 2 illustrates the effect of temperature dependent fluid viscosity on the velocity distribution in a symmetrically
cooled channel for fixed values of pressure gradient and Brinkman number. As expected, the peak velocity occurs at the
centreline (y = 0.5) and its location is virtually unaffected by the temperature dependency of the fluid viscosity. However,
as α increases, that is, as the viscosity decreases with temperature, the peak velocity increases. In preparing Fig. 3, the Biot
number at the lower plate was kept fixed (Bi0 = 1) along with the pressure gradient and Brinkman number, and the Biot
number Bi1 at the upper plate was varied. As convection at the upper plate becomes stronger, the effect is to suppress
the peak velocity. The fact that velocity profiles for Bi1 = 3 and Bi1 = 10 are nearly identical shows the strength of the
convection process ultimately ceases to have any significant impact on the velocity profiles. Fig. 4 shows how the Brinkman
number influences the velocity distribution in a symmetrically cooled channel for fixed values of pressure gradient and
the viscosity parameter. As the Brinkman number increases, it implies higher viscous dissipation in the flow, which in turn
implies steeper velocity gradients at the plates and consequently higher peak velocities at the centreline of the channel. This
behaviour is clearly manifested in Fig. 4.
The effect of symmetrical as well as asymmetrical cooling of the channel is depicted in Fig. 5 for fixed values of
pressure gradient, Brinkman number, viscosity parameter, and Biot number at the lower plate. When the channel is cooled
symmetrically (Bi0 = Bi1, curve denoted by circles), the temperature distribution is symmetrical about the centreline
(y = 0.5), and the heat dissipations from the lower and the upper plates are equal. The solid curve corresponds to a situation
where the convection at the lower plate (Bi0 = 1) is ten times as strong as the convection at the upper plate (Bi1 = 0.1). In
this case, the bulk of theheat removal from the flowoccurs at the lower plate, as reflected by the relatively larger temperature
gradient at the lower plate. As the convection at the upper plate becomes dominant at Bi1 = 3 (curve denoted by pluses) and
Bi1 = 10 (curve denoted by dots), the temperature gradients at y = 1 exceed those at y = 0 and hence a proportionately
larger amount of heat is removed through the upper plate. All four curves in Fig. 5 indicate that with convective cooling
gaining strength, the temperatures throughout the flow field are lowered.
Fig. 6 illustrates the effect of temperature dependent fluid viscosity on the temperature distribution in a symmetrically
cooled channel for fixed values of pressure gradient andBrinkmannumber. These results bear correspondence to the velocity
profiles in Fig. 2 and need to be interpreted with both figures in mind. As the viscosity parameter α increases, that is, as
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Fig. 4. Velocity profiles for G = 1, α = 1, Bi1 = 1, Bi0 = 1; _____ Br = 0.1, oooooo Br = 1,+++++ Br = 2, . . . . . . Br = 3.
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Fig. 5. Temperature profiles for G = 1, Br = 1, α = 1, Bi0 = 1; _____ Bi1 = 0.1, oooooo Bi1 = 1,+++++ Bi1 = 3, . . . . . . Bi1 = 10.
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Fig. 6. Temperature profiles for G = 1, Br = 1, Bi1 = 1, Bi0 = 1; _____ α = 0, oooooo α = 1,+++++ α = 3, . . . . . . α = 5.
the viscosity decreases with temperature, the fluid experiences higher temperatures, which may apparently be contrary to
expectations, but the examination of Fig. 2 reveals the velocity gradients also increase asα increases. The increase in velocity
gradient more than offsets the reduction in viscosity in the viscous dissipation term. Thus the higher viscous dissipation as
a result of increase in α causes higher temperatures in the flow field, as seen in Fig. 6. The temperature profiles maintain
their symmetry about the centreline of the channel in view of the symmetrical cooling conditions imposed at the plates.
The effect of Brinkman number on the temperature field is portrayed in Fig. 7 for symmetric cooling and fixed values of
pressure gradient and viscosity parameter. Because of symmetric cooling, the profiles exhibit symmetry about the centreline
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Fig. 8. Entropy generation rate for G = 1, Br = 1, Bi1 = 1, Bi0 = 1; _____ α = 0, oooooo α = 1,+++++ α = 5, . . . . . . α = 10.
of the channel. As the Brinkman number increases, the viscous dissipation increases, which appropriately results in higher
fluid temperatures.
Entropy generation profiles
The entropy generation profiles of Fig. 8 shows how the volumetric entropy generation rate is affected by the variation of
the viscosity parameter. Since both the velocity gradient and temperature gradients are zero at the centreline of the channel
(y = 0.5), the entropy generation rate at that location is zero. As the viscosity parameter α increases, the fluid viscosity
decreases, but its effect is subdued compared to the effect of the velocity gradient which increases as α increases (see Fig. 2).
Thus the viscous dissipation increases as α increases. The increase in viscous dissipation leads to an increase in the entropy
generation rate, as seen in Fig. 8. Because of symmetric cooling, the entropy generation profiles are symmetrical about the
centreline of the channel (y = 0.5).
The entropy generation rates for symmetric and asymmetric cooling are illustrated in Fig. 9 with values of pressure
gradient, viscosity parameter, and Brinkman number each fixed at unity. The highest entropy generation rate occurs under
symmetrical cooling (Bi0 = Bi1 = 0.1, solid line). As the cooling at the upper plate gains strength (as Bi1 increases), the
effect is to moderate the temperature gradients in the fluid, thus reducing the entropy generation rate.
The effect of varying the Brinkman number on the entropy generation rate is shown in Fig. 10 for a symmetrically cooled
channelwith values of both the pressure gradient and the viscosity parameter fixed at unity. As expected, the lowest entropy
generation occurswhen theBrinkmannumber is low. The entropy generation rate increases sharply as the Brinkmannumber
increases.
The Bejan number distributions corresponding to the data of Figs. 8 and 10 are provided in Figs. 11 and 12, respectively.
Fig. 11 shows that as the viscosity parameter α increases, the Bejan number increases, although the effect is small at α = 1
and α = 5. As noted earlier, the increase in α decreases the fluid viscosity, which in turn increases the Bejan number at
the walls, and the dominant effect of fluid friction irreversibility within the core region of the channel. Fig. 12 shows the
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Fig. 9. Entropy generation rate for G = 1, α = 1, Bi0 = 0.1; _____ Bi1 = 0.1, oooooo Bi1 = 0.3,+++++ Bi1 = 0.5, . . . . . . Bi1 = 10.
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Fig. 10. Entropy generation rate for G = 1, Br = 1, α = 1, Bi1 = 1, Bi0 = 1; _____ Br = 0.1, oooooo Br = 1,+++++ Br = 2, . . . . . . Br = 3.
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Fig. 11. Bejan number for G = 1, Br = 1, Bi1 = 1, Bi0 = 1; _____ α = 0, oooooo α = 1,+++++ α = 5, . . . . . . α = 10.
effect of Brinkman number on the Bejan number. As the Brinkman number increases, the accompanying increase in viscous
dissipation translates into higher irreversibility due to fluid friction within the channel core region and an increased Bejan
number at the walls.
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Fig. 12. Bejan number for G = 1, Br = 1, α = 1, Bi1 = 1, Bi0 = 1; _____ Br = 0.1, oooooo Br = 1,+++++ Br = 2, . . . . . . Br = 3.
6. Conclusions
A numerical study of pressure gradient driven flow in a parallel plate channel with temperature dependent fluid viscosity
and asymmetric convective cooling of the plates has been performed. Themodel also accommodates the presence of viscous
dissipation. The velocity and temperature profiles are used to evaluate the entropy generation profiles in the flow field. The
study leads to the following conclusions.
1. The effect of a decrease in fluid viscosity with temperature is to increase the peak velocity and the velocity gradients
and hence the viscous dissipation. The increase in viscous dissipation promotes a higher entropy generation rate and the
dominant effect of fluid friction irreversibility within the channel core region.
2. The increase in Brinkman number also enhances the entropy generation rate.
3. The entropy generation rate is highest when the channel is symmetrically cooled.
4. With the use of asymmetric cooling of the plates, it is possible to operate the system with reduced entropy generation
rates.
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